Final exam questions

1. A =  and B = . Find AB

2. A =  and B = . Is it possible to multiply BA? What transformation would you need to do that? Do the multiplication.

3. Find the inverse of the matrix 
4. Find the determinant of the matrix 
5. Convert the following system of equations into matrix-vector form:
X1 + 3X2 + 4X3 = 0
2X1 + X3 = 6
X2 – 4X3 = 9


6. Each year, 10% of all untenured University faculty become tenured, 15% quit, and 75% remain untenured. Each year, 80% of all tenured faculty remain tenured and 20% quit. Let Ut be the number of untenured faculty at the beginning of year t, and Tt the tenured number. Use matrix multiplication to relate the vector  to the vector .


7. Before paying employee bonuses and state and federal taxes, a company earns profits of $100,000. The company pays employees a bonus equal to 7% of after-tax profits. State tax is 5% of profits (after bonuses are paid). Finally, federal tax is 40% of profits (after bonuses and state tax are paid). Determine a linear equation system to find the amounts paid in bonuses, state tax, and federal tax. 



8. Suppose that r, the annual interest rate, is 0.12, and that all money in the bank earns 12% interest each year (that is, after being in the bank for one year, $1 will increase to $1.12). If we place $100 in the bank for one year, what is the NPV of this transaction?


9. Treasure hunter needs to find at least 10 pieces of gold antiques and at least 15 pieces of silver antiques pay to be able to work for the company. There are two old places in which Treasure hunter can get antiques, Palace and Cemetery. Each day that Treasure hunter spends in Palace, he finds 2 pieces of gold and 2 pieces of silver. Each day that Treasure hunter spends in the Cemetery, he finds 1 piece of gold and 3 pieces of silver. If the Treasure hunter wanted to formulate linear programming problems how would it be?

10. Suppose that the post office can force employees to work one day of overtime each week. For example, an employee whose regular shift is Monday to Friday can also be required to work on Saturday. Each employee is paid $20 a day for each of the first five days worked during a week and $40 for the overtime day (if any). Formulate an LP whose solution will enable the post office to minimize the cost of meeting its weekly work requirements.


11. Farco produces the drug Prolak from four chemicals. Today they must produce 1,000 lb of the drug. The three active ingredients in Prolak are A, B, and C. By weight, at least 6% of Prolak must consist of A, at least 5% of B, and at least 3% of C. The cost per pound of each chemical and the amount of each active ingredient in 1 lb of each chemical are given in Table. It is necessary that at least 100 lb of chemical 2 be used. Formulate an LP whose solution would determine the cheap-est way of producing today’s batch of Prolak.
	Chemical
	Cost ($ per Lb)
	A
	B
	C

	1
	8
	0.03
	0.02
	0.01

	2
	10
	0.06
	0.04
	0.01

	3
	11
	0.1
	0.03
	0.04

	4
	14
	0.12
	0.09
	0.04




12. A company produces A, B, and C and can sell these products in unlimited quantities at the following unit prices: A, $10; B, $56; C, $100. Producing a unit of A requires 1 hour of labor; a unit of B, 2 hours of labor plus 2 units of A; and a unit of C, 3 hours of labor plus 1 unit of B. Any A that is used to produce B cannot be sold. Similarly, any B that is used to produce C cannot be sold. A total of 40 hours of labor are available. Formulate an LP to maximize the company’s revenues.

13. A company faces the following demands during the next three periods: period 1, 20 units; period 2, 10 units; period 3, 15 units. The unit production cost during each period is as follows: period 1—$13; period 2—$14; period 3—$15. A holding cost of $2 per unit is assessed against each period’s ending inventory. At the beginning of period 1, the company has 5 units on hand. In reality, not all goods produced during a month can be used to meet the current month’s demand. To model this fact, we assume that only one half of the goods produced during a period can be used to meet the current period’s demands. Formulate an LP to minimize the cost of meeting the demand for the next three periods. 


14. The owner of Sunco does not believe that our LP optimal solution will maximize daily profit. He reasons, “We have 14,000 barrels of daily refinery capacity, but your optimal solution produces only 13,500 barrels. Therefore, it cannot be maximizing profit.” How would you respond?



15. If an LP’s feasible region is not unbounded, we say the LP’s feasible region is bounded. Suppose an LP has a bounded feasible region. Explain why you can find the optimal solution to the LP (without an isoprofit or isocost line) by simply checking the z-values at each of the feasible region’s extreme points. Why might this method fail if the LP’s feasible region is unbounded?

16. Graphically find all solutions to the following LP:
max z = 4x1 + x2
s.t. 8x1 + 2x2 ≤ 16
       x1 + x2 ≤ 12
       x1, x2 ≥ 0

17. Build a simplex tableau for the following LP: 
Min 3x + 4y 
2x + y ≥ 5
4x + 6y ≥ 23
x, y ≥ 0 


18. Bloomington Breweries produces beer and ale. Beer sells for $5 per barrel, and ale sells for $2 per barrel. Producing a barrel of beer requires 5 lb of corn and 2 lb of hops. Producing a barrel of ale requires 2 lb of corn and 1 lb of hops. Sixty pounds of corn and 25 lb of hops are available. Formulate an LP that can be used to maximize revenue. Solve the LP graphically.


19. Following simplex method, change the simplex tableau 2 times. Do you achieve optimal solution?
	z
	X1
	X2
	S1
	S2
	rhs
	Basic

	1
	-6
	-2
	0
	0
	0
	z = 0

	0
	3
	2
	1
	0
	3
	S1 = 3

	0
	1
	7
	0
	1
	12
	S2 = 12




20. Find the non-basic variable which should be added to the solution and its value as the first step of simplex solution and do one step of changes to the simplex tableau.
	z
	X1
	X2
	S1
	S2
	rhs
	Basic

	1
	-5 
	-3
	0
	0
	0
	z = 0

	0
	3
	2
	1
	0
	5
	S1 = 5

	0
	1
	7
	0
	1
	8
	S2 = 8




21. Assume the following simplex tableau for maximization. Find the optimal solution:
	z
	X1
	X2
	S1
	S2
	rhs
	Basic

	1
	-4
	0
	4
	0
	4
	z = 0

	0
	3
	1
	1
	0
	4
	X2 = 4

	0
	1
	0
	0
	1
	7
	S2 = 7




 
22. Assume Giapetto-s toy factory exercise where X1 is the number of toy soldiers and X2 is the number of trains. The objective function and constraints are as follows:
Max 3X1 + 2X2
2X1 + X2 ≤ 100 (finishing constraint)
X1 + X2 ≤ 80 (woodcarving contraint)
X1 ≤ 40 (demand constraint)
Graphically show that the solution will change to another point (another basis) if the profit contribution of trains becomes 5 instead of 2

23. Assume Giapetto-s toy factory exercise where X1 is the number of toy soldiers and X2 is the number of trains. The objective function and constraints are as follows:
Max 3X1 + 2X2
2X1 + X2 ≤ 100 (finishing constraint)
X1 + X2 ≤ 80 (woodcarving contraint)
X1 ≤ 40 (demand constraint)
Graphically show that the solution will stay at the same point (same basis) but objective function will increase if the profit contribution of soldiers becomes 4 instead of 3.


24. Assume Giapetto-s toy factory exercise where X1 is the number of toy soldiers and X2 is the number of trains. The objective function and constraints are as follows:
2X1 + X2 ≤ 100 (finishing constraint)
X1 + X2 ≤ 80 (woodcarving contraint)
X1 ≤ 40 (demand constraint)
Graphically show that the finishing constraint of the problem is binding whereas the demand constraint is not.


25. Assume Giapetto-s toy factory exercise where X1 is the number of toy soldiers and X2 is the number of trains. The objective function and constraints are as follows:
2X1 + X2 ≤ 100 (finishing constraint)
X1 + X2 ≤ 80 (woodcarving contraint)
X1 ≤ 40 (demand constraint) 
What is the shadow price of finishing constraint? (calculate the value and explain the logic of calculation)


26. In an LP you have 3 constraints and 2 target variables. You are told that the shadow price of the first constraint is equal to 5. If were able to increase the first constraint by 2 units what would be the change in the objective function of the LP?

27. Assume the following cost table for transporting water from reservoirs to cities:
	
	City 1
	City 2
	City 3

	Res. 2
	1
	3
	6

	Res. 2
	12
	6
	3



Demand of cities are as follows: C1 = 40000 tons, C2 = 30000 tons, C3 = 15000 tons. Supply is as follows: R1 = 25000 tons, R2 = 85000 tons. Build transportation tableau.

28. Assume you have the following transportation tableau with the basic solution given in the table. If your new basic variable is x2,4 find the loop and new basic solution
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29. Given transportation tableau below, find basic feasible solution using minimum cost method:
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30. Given transportation tableau below, find basic feasible solution using Vogel’s method:
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31. Given transportation tableau below, find basic feasible solution using north-west method:
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32. You have the following transshipment problem: two supply points, A and B, each has 120 ton capacity; one transshipment point C; two demand points, D (demand 100) and E (demand 140). You cannot deliver between supply points and between demand points. Build simple transshipment tableau (you do not need costs here).

33. You have the following transshipment problem: two supply points, A and B, each has 120 ton capacity; one transshipment point C; two demand points, D (demand 100) and E (demand 140). You can deliver between supply points and between demand points. Build simple transshipment tableau (you do not need costs here).


34. Assume the following tables show the car maintenance and trade-in costs. Original price of the car is 10000 it does not change over time. Build a graph of the problem.
	Age in years
	Annual maintenance cost (during year)
	Trade-in price 
(end of year)

	0
	3000
	-

	1
	5000
	6000

	2
	8000
	3000

	3
	-
	0





35. Assume the following tables show the car maintenance and trade-in costs. Original price of the car is 10000 it does not change over time. Find minimum cost path(s).
	Age in years
	Annual maintenance cost (during year)
	Trade-in price 
(end of year)

	0
	2000
	-

	1
	4000
	5000

	2
	9000
	4000

	3
	-
	0




36. Use Dijkstra’s algorithm to find shortest path from node 1 to node 4
[image: ]

37. Find maximum flow from source to sink:
[image: ]
38. Find maximum flow from source to sink:
[image: ]


39. Find solution to the following unconstrained optimization problem:
Max x – 2x2 – 3xy
40. If a company has m hours of machine time and w hours of labor, it can produce 3m1/3w2/3units of a product. Currently, the company has 216 hours of machine time and 1,000 hours of labor. An extra hour of machine time costs $100, and an extra hour of labor costs $50. If the company has $100 to invest in purchasing additional labor and machine time, would it be better off buying 1 hour of machine time or 2 hours of labor? 
41. Widgetco produces widgets at plant 1 and plant 2. It costs 20x1/2 to produce x units at plant 1 and 40x1/3 to produce x units at plant 2. Each plant can produce as many as 70 units. Each unit produced can be sold for $10. At most, 120 widgets can be sold. Formulate an NLP whose solution will tell Widgetco how to maximize profit.

42. During the Reagan administration, economist Arthur Laffer became famous for his Laffer curve, which implied that an increase in the tax rate might decrease tax revenues, while a decrease in the tax rate might increase tax revenues. This problem illustrates the idea behind the Laffer curve. Suppose that if an individual puts in a degree of effort e, he or she earns a revenue of 10e1/2. Also suppose that an individual associates a cost of e with an effort level of e. Suppose further that the tax rate is T. This means that each individual gets to keep a fraction 1-T of before-tax revenue. Show that T= 0.5 maximizes the government’s tax revenues. Thus, if the tax rate were 60%, then a cut in the tax rate would increase revenues.

43. Use Lagrange multiplier method to solve the following NLP problem:
Max 3xy
s.t. x + 2y = 12
2x + y = 6

44. Use Lagrange multiplier method to solve the following NLP problem:
Max 5x – 3y2
s.t. 2x + 3y = 18


45. You are the publisher of a new magazine. The variable cost of printing and distributing each weekly copy of the magazine is $0.25. You are thinking of charging between $0.50 and $1.30 per week for the magazine. The estimated numbers of subscribers (in millions) for weekly prices of $0.50, $0.80, and $1.30 are in the table. What price will maximize weekly profit from the magazine?
	Price
	Demand (millions)

	0.5
	2.00

	0.8
	1.20

	1.3
	0.30



46. When a machine is t years old, it earns revenue at a rate of e-t dollars per year. After t years of use, the machine can be sold for 1/(1+t) dollars. When should the machine be sold to maximize total revenue?

47. The cost per day of running a hospital is 200,000 + 0.002x2 dollars, where x is patients served per day. What size hospital minimizes the per-patient cost of running the hospital?

48. The mobile phone bill in city A follows normal distribution. 5% of all people in this city have less than 5 AZN bill a month, whereas 90% have a bill less than 45 AZN. What is the variance of the bill?

49. You are building a small town for government. You will use 5000 tons of concrete overall. Each building will take the same amount of concrete in his case. You will use 2000 tons of concrete for administration buildings, 4000 tons of concrete for business centers. 30% of buildings will be both administration and business center at the same time. What percentage of buildings are pure administration buildings?

50. Assume x is continuous random variable and its probability density function is x/50. If the lowest value for x is 0, what can be the highest value?

51. There are 2 coins in your pocket: fair coin and a rigged coin. Rigged coin has two heads, but no tail. If you take out one of the coins, toss it and get head as a result, what is the probability that the coin is rigged?

52. If x has continuous uniform distribution (i.e. all probabilities are equal) over the interval from 0 to 4 (which means the probability function f(x) = 0.25), find mean value of the variable using integral.

53. The variable has 5 outcomes with equal probabilities: 2, 4, 6, 8, 10. Find mean and variance of the variable.

54. The joint probabilities for two variables are given in the table below. Can we say that the variables are statistically independent, i.e. flood has nothing to do with rain?
	
	Flooding

	
	Yes
	No

	Rain
	Yes
	0.01
	0.38

	
	No
	0.00
	0.61



55. P(A) = 0.5, P(B) = 0.3. If the two events are mutually exclusive, what is P(A + B)?

56. Amount of Cola in 1 liter bottle follows normal distribution with mean of 1 liter and standard deviation of 0.003 liter. If you were quality control officer using six sigma, what would be the lowest value you would accept for Cola to be sent to the market?
57. Assume you are producing toothpaste in the form of a tube. Paste inside follows normal distribution with mean of 50g and standard deviation of 2g. One tube costs 0.4 AZN to produce. If the amount of paste is below 49g you have to go through refill process which will cost additional 0.1 AZN. What is the approximate cost of producing 10000 tubes of paste?

58. Profits in some industry follow normal distribution. 10% of the companies get profits below 0.2 m and 30% get profits above 0.9 m. What are the mean and standard deviation of the profits?

59. [bookmark: _GoBack]X follows normal distribution with mean of 5 and standard deviation of 1. Find P(4 < X < 7).


60. Assume you have a lottery with max and min payoff equal to 0 and 40000 respectively. If evaluated between 0 and 1, what is the risk-neutral utility of 25000 for this lottery?

61. Risk neutral utility of two lottery outcomes, 100 and 500 (evaluated between 0 and 1) are 20% and 50% repectively. What are the max and minimum outcomes of the lottery?


62. Assume the exponential utility function. There are two individuals: A and B. Risk tolerance parameter for A is 0.5 whereas for B it is 2. Assuming we are trying to measure utility of amount equal to 4, which one will have higher utility from that?

63. You can buy and sell snickers for 0.8 and 1 AZN respectively. Assume daily demand can be between 5 and 8 and every day you can order 5 to 8 snickers. According to Maximin criterion what is the optimal choice of snickers to be ordered?

64. You can buy and sell snickers for 0.7 and 1 AZN respectively. Assume daily demand can be between 5 and 8 and every day you can order 5 to 8 snickers. According to Maximax criterion what is the optimal choice of snickers to be ordered?

65. You can buy and sell snickers for 0.8 and 0.9 AZN respectively. Assume daily demand can be between 5 and 8 and every day you can order 5 to 8 snickers. According to Minimax regret criterion what is the optimal choice of snickers to be ordered?

66. You can bake 1, 2 or 3 pizzas a day. The people will also demand 1, 2 or 3 pizzas. If you bake 1 pizza, it will cost you 3$, if 2, 2.5$ each and if 3, 2$ each. You sell one pizza for 4$. If pizza is not eaten by the end of the day, it gets wasted. According to Minimax regret, what is the best choice here?

67. According to prospect theory the probability higher outcome of uncertainty (or simply utility) gets skewed when people are asked to choose. Assume two choices: C1 with von-Neuman-Morgenstern utility of 0.3 and C2 with the same type utility 0.45. If prospects are 0.9 for C1 and 0.3 for C2 which choice will be made?

68. Assume two person zero-sum game with the following reward matrix. Do we have a saddle point? Which is that?
	
	C1
	C2
	C3
	C4

	R1
	1
	2
	3
	4

	R2
	2
	4
	6
	0

	R3
	12
	3
	8
	9



69. Assume two person zero-sum game with the following reward matrix. Do we have a saddle point? Which is that?
	
	C1
	C2
	C3

	R1
	1
	2
	3

	R2
	3
	1
	2

	R3
	2
	3
	1



70. Assume zero-sum game with the following reward matrix. Do we have a pure strategy here?
	
	C1
	C2

	R1
	-1
	1

	R2
	1
	-1



71. Assume zero-sum game with the following reward matrix. What is the ending choice in the game?
	
	C1
	C2

	R1
	-1
	1

	R2
	1
	-2



72. Assume zero-sum game with the following reward matrix. What is the optimal strategy for the game?
	
	C1
	C2

	R1
	-1
	2

	R2
	1
	-1



73. Assume the following constant-sum game where total payoff should be 20. The reward matrix for row player is as follows. What is the optimal choice of both players?
	
	C1
	C2
	C3

	R1
	12
	8
	4

	R2
	9
	11
	2

	R3
	6
	7
	18



74. Assume the following non-constant sum game: both US and USSR decide to build a super-nuke. It costs 40 billion to build that in the US and 70 billion in the USSR. If US build, but USSR does-not, US will attack and earn 60 billion from USSR. If US does not and USSR builds, USSR will attack and earn 90 billion from US. Build reward matrix and choose the best strategy.

75. Assume, in prisoner’s dilemma both get 5 years if cooperate and both get 3 years if both defect. If one defects, he gets 1 year and the other gets 4 years. What would be the choice here?
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