
CONTENTS

Dynamic parameter adaptation using type-2 fuzzy logic in bio-inspired optimization methods
for fuzzy control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Castillo O. 13

Method of splitting operators in matrix analysis and control. . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Konstantinov M., Petkov P. 16

Technologies and systems of noise control of the beginning and dynamics of development of
accidents and their application in oil and gas production and construction . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . Aliev T.A., Nusratov O.G., Musaeva N.F.,
Guluev G.A., Rzaev A.G., Pashayev F.H., Sattarova U.E., Alizada T.A., Rzayeva N.E. 19

Reaction-diffusion models: dynamics and control . . . . . . . . . . . . . . . . . .Zuazua E. 22

Optimization of constants for subelliptic embeddings . . . . . . . . . . . . . Ruzhansky M. 25

Modeling with splining . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Sarfraz M. 28

Multidimensional analogs of Gelfand-Levitan-Krein equations . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . .. . . . . . . . . Kabanikhin S., Shishlenin M., Novikov N. 31

The application of fuzzy logic and multi-fractal analysis for reservoir management. . . . . . . .
. . . . . . . . . . . . . . . . Suleimanov B.A., Ismailov F.S., Huseynova N.I., Veliev E.F. 34

Application of methods of data mining in the educational process . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Abbasov A., Aliyeva T. 37

Second-order coexhausters calculus . . . . . . . . . . . . . . . . . . . . . . . . Abbasov M.E. 40

The initial concept of the new theory for the mathematical modeling of turbulent flows . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Akhundov A.A., Akhundova E.M. 43

Some issues of application of internet of things in the oil and gas complex . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . Alguliyev R., Fataliyev T., Mehdiyev Sh. 46

Convergence and stability of new iterative scheme in Banach space and application . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Ali J., Ali F. 49

Transformation of the Mittag-Lefler function to an exponential function and its some applications
to problems with a fractional derivative . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . Aliev F.A., Aliev N.A., Safarova N.A., Gasimova K.G. 52

5



6

Asymptotical method to solution of identification problem for defining the parameters of discrete
dynamical system in gas-lift process . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . Aliev F.A., Hajiyeva N.S., Namazov A.A., Safarova N.A., Huseynova N.Sh. 55

On the solving of Sylvester type matrix equation. . . . . . . . . . Aliev F.A., Larin V.B. 58

Numerical-analytical method for solving of the first order partial quasi-linear equations . . . . .
. . . . . . . . . . . Aliev F.A., Aliev N.A., Tagiev R.M., Mammadova Y.V., Rajabov M.F. 62

Limit theorems for the family of the first passage time of the parabola by a random walk
described by the autoreqression process of order one (AR(1)) . . . . . . . . . . . . . . . . . . . . .
. . . . . . . Aliev S.A., Rahimov F.H., Hashimova T.E., Farhadova A.D., Bagirova G.A. 65

Light-cone distribution amplitudes of light JPC = 2−− tensor mesons in QCD . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Aliev T.M., Bilmis S., Yang K.Ch. 68

An investigation of a mixed problem for the parabolic equation second-order . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Aliev A.M., Aliev N.A 71

On a coupled system of fractional differential equations with integral boundary conditions . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Alkhateeb A. 74

Application of fuzzy logic for risk determination of type 2 diabetes disease . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Allahverdi N., Ertosun N. 77

A resent survey on numerical methods for solving singularly perturbed problems . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Amirali I., Amiraliyev G.M. 80

On the boundaries of changing parameters in the mathematical modeling of the dynamic system
of the figure of the earth . . . . . . . . . . . . . . . . . . . . . . Arazov G.T., Aliyeva T.H. 83

Discrete optimal control with closed loop poles in a circular regions in frequency domain . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Arcasoy C.C., Eroglu H. 86

About generalized solutions of basic boundary value problems for the second order elliptic equa-
tion in unbounded domains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Asadov T.B. 89

Convergence of HP-streamline diffusion and Nitsche’s schemes for the relativistic Vlasov-Maxwell
system . . . . . . . . . . . . . . . . . . . . . . . Asadzadeh M., Kowalczyk P., Standar C. 92

Biorthogonal multiwavelets on the interval for solving multi-dimensional fractional optimal con-
trol problems with inequality constraint . . . . . . . . . Ashpazzadeh E., Lakestani M. 95

Two-band Ginzburg-Landau equations: numerical simulations . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Askerzade I.N., Askerbeyli R.T. 98

Numerical solutions of sequential fractional equations by using fractional Taylor basis . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Avci I. 101

On the solution of the stability problem of three-layer systems with functionally graded (FG)
interlayer in the industrial applications. . . . . . . . . . . . . . Avey A., Najafov A.M. 104



7

Numerical solution to optimal control problems for loaded dynamic systems with integral con-
ditions . . . . . . . . . . . . . . . . . . . . . . . . . . . Aida-Zade K.R., Abdullayev V.M. 107

Numerical solution to optimal control for wave process with the set of initial conditions . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Aida-Zade K.R., Ashrafova Y.R. 110

Spectral propeties and scattering problems of eigenparameter dependent discrete impulsive
Sturm-Liouville equations . . . . . . . . . . . . . . . . .Aygar Y., Bairamov E., Ozbey G. 113

Haar wavelet method for numerical solution of pantograph functional differential equations . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Aziz I., Yasmeen Sh., Amin R. 116

Numerical solution of a Volterra integral-algebraic equations . . . . . . . . . Babakhani A. 119

Magnetic moment of electrons in diluted magnetic semiconductor quantum ring . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Babanli A.M., Ibragimov B.G. 122

On sequential fractional differential equations with integral boundary conditions . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Bawaneh S. 125

An augmented Lagrangian relaxation based subgradient approach to aircraft maintenance rout-
ing problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . Bulbul K.G., Kasimbeyli R. 128

Investigation of a discrete Dirac system with an interaction point . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Cebesoy S., Bairamov E., Solmaz S. 131

Covariance switching in vibration control . . . . . . . . . . . . . . . . . . . . . Colaneri P. 134

Radial position-momentum uncertainties for the infinite spherical well and the fisher entropy . .
. . . . . . . . . . . . . . . . . . . . . Dong Q., Torres-Arenas A.J., Sun G.H., Dong S.-H. 137

Controlled queues with correlated arrival process and reserve servers for solving energy saving
problems in cloud computing systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . .Dudin A.N., Dudin S.A., Klimenok V.I., Dudina O.S. 140

Sensitivity analysis of one optimization problem with prehistory . . . . . Dvalishvili Ph. 143

Stable plasma structures as an alternative energy source . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . Dvornikov M., Jafarov R.G., Mutallimov M.M., Valizade A.H. 146

Inverse spectral problem for Hill operator on lasso graph . . . . . . . . . . . Efendiev R. 149

The optimal problem related to change in the body shape . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Efendiyeva H.J., Rustamova L.A. 152

Fractional differential equations with nonlocal Katugampola fractional integral . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Emin S. 155

Edge-neighbor-rupture degree of graphs and examined on thorny graph . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . Eskiizmirliler S., Yorgancioglu Z.O., Polat R., Gursoy M.U. 158

Solving free boundary problem for an initial cell layer in multispecies biofilm formation by
Newton-Raphson method. . . . . . . . . . . . . . . . . . . . . . . Fazlallahi M.A., Ivaz K. 161



8

The problem of optimal synthesis of the 3D- multidimensional nonlinear modular dynamic
systems . . . . . . . . . . . . . . . . . . Feyziev F.G., Mammadova G.H., Mekhtieva M.R. 164

Parametric identificational determination of the functions of relative phase permeabilities of
gas-condensate deposits in water displacement mode . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . Feyzullayev Kh.A., Khalilov M.S., Kuliev E.A. 167

The problem of identification of the kinetic coefficient and the right part in convection-reaction
equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Gamzaev Kh.M. 170

Optimal control of the quasi-linear neutral differential equation . . . . . . . Gorgodze N. 173

A general and suitable metrics in fuzzy space . . . . . . . Gurbanov F.I., Mamedova N.G. 176

Optimization of mechanized methods of operation taking into account the production gas rate .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Gurbanova T.G., Gurbanov R.S. 179

On the boundary functional of the random walk with two barriers related to optimal capacity of
the buffer stock . . . . . . . . . . . . Hanalioglu Z., Gever B., Poladova A., Khaniyev T. 182

Estimation of impact of innovations on the quality of tertiary education . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Hasanli Y.H., Shabanov S.A. 185

Mathematical model of mass-exchange in medium fractal structures . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Hasanov A.B., Sadigov E.N. 188

Numerical algorithms for solving the inverse problem . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . Huseynova N.Sh., Orucova M.Sh., Safarova N.A., Hajiyeva N.S. 191

Definition and classification of variables that form evaluation method for drive mechanism deci-
sion making guide for in -pipe inspection robots in oil pipelines . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Ibrahimov B., Alili A. 194

Finite size and topological effect in gauged four-fermion interaction model . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Inagaki T. 198

Development of the combined algorithm for increasing the measurement accuracy . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Isayev M.M. 201

Summation the statistical indicators and forming the database for wells covering the same layer.
. . . . . . . . . . . . . . . . Ismailov N.A., Aliev F.A., Maharramov I.A., Gasimova K.G. 204

On extremality of some algebraic varieties . . . . . . . . . Jabbarov I.Sh., Hasanova G.K. 206

Investigation and solving some fractional partial differential equations by spectral and contour
integral methods . . . . . . . . . . . . . . . . . . . . . . . Jahanshahi F., Jahanshahi M. 209

Spectral problem for an initial-boundary value problem involving first order two dimensional
generalized nonhomogenous Cauchy-Riemann equation with general non-local boundary condi-
tions . . . . . . . . . . . . . . . . . . . . . Jahanshahi M., Ebadpour Golanbar J., Aliyev N. 212



9

Approximate solutions for some nonlinear fractional partial differential equations by Adomian
decomposition method and Mittage-Leffler functions . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Jahanshahi M., Demneh H.K. 216

Linear seismic data processing of area observing systems . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . Kabanikhin S.I., Novikov N.S., Shishlenin M.A. 219

New formulations for the traveling repairman problem with time windows . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Kara I., Onder Uzun G. 222

Augmented Lagrangian based solution method for one-dimensional cutting stock and assortment
problem . . . . . . . . . . . . . . . . . . . . . . . . Kasimbeyli N., Sarac T., Kasimbeyli R. 225

Optimal control of a giving up smoking model with age-structured in smoking classes . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Khan A., Zaman G. 228

On the solution of one problem for linear hyperbolic type loaded differential equation by the
method of finite differences. . . . . . . . . . . . . . . . . . . . . . . . . Khankishiyev Z.F. 231

Some inconsistencies of familiar quantum mechanical relations in case of singular potentials and
operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . Khelashvili A., Nadareishvili T. 234

Principal functions of discrete Sturm-Liouville equation with generalized eigenparameter in
boundary condition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Koprubasi T. 237

Peculiarities of forming the piezoelectric effect in the composite of polymer-segnetopeoseramicss
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Kurbanov M.A., Khudayarov
B.H., Ramazanova I.S., Huseynova G.KH., Nuraliev A.F., Dadashov Z.A., Aliyev O.A. 240

Optimization of mayer problem with differential inclusions and polynomial differential operators
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Mahmudov E.N. 243

Finite-approximate controllability of semilinear evolution systems via resolvent-like operators .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Mahmudov N.I. 246

3D optimal control problem for a Manjeron generalized equation with non-classical Goursat
conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Mamedov I.G. 249

Contributions of magnetic type interactions to the vector meson-nucleon coupling in the bottom-
up approach . . . . . . . . . . . . . . . . . . . . . . . . Mamedov Sh., Taghiyeva Sh. 252

Finding the guaranteed suboptimal solution to the functional in the integer programming prob-
lem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .Mammadov K.Sh., Mammadov N.N. 255

Methods for evaluation of human resources performance in virtual organizations . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Mammadova M.H., Jabrayilova Z.G. 258

Multipoint necessary optimality conditions of singular controls in delayed stochastic systems . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Mansimov K.B., Mastaliyev R.O. 261

To sufficient conditions for strong extremum in calculus of variations . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Mardanov M., Melikov T., Malik S. 264



10

Trapezoidal quadrature rule for solving nonlinear fuzzy fractional integro-differential equations
of the Hammerstein type . . . . . . . . Mashhadi Gholam A., Ezzati R., Allahvaranloo T. 267

Parametric resonance of the system consisting of the circular hollow cylinder and surrounding
elastic medium under action in the interior . . . . . . . . . . Mehdiyev M.A., Akbarov S.D. 270

A hybrid advanced multistep method for solving ODE . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . Mehdiyeva G.YU., Ibrahimov V.R., Imanova M.N. 273

Method of the reserve resources determination for the distributed computer systems with the
network-centric resource control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. Mukhin V.Ye., Kornaga Ya.I., Abdullayev S.H., Gerasymenko O.Yu., Bazaka Yu.A. 276

Crude oil price forecasting techniques in the world market. . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Muradov A., Hasanli Y., Hajiyev N. 279

Boundary value problem for the anisotropic type convolution equations . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Musaev H.K. 282

Necessary conditions for the Fredholmness of three-dimensional Helmholtz equation with non-
local boundary value conditions . . . . . . . . . . . . . Mustafayeva Y.Y., Aliyev N.A. 285

New sweep algorithm for solving optimal control problem with multi-point boundary conditions
. . . . . . . . . . . . . . . . Mutallimov M.M., Amirova L.I., Aliev F.A., Faradjova Sh.A. 288

Optimization of the groove cutting condition by the vortex methods on the rotational surface .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Nadirov U. 291

On a time evolution of the quadratic quantum systems. II. . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . Nagiyev Sh.M., Ahmadov A.I., Amirova Sh.A. 294

Spectral theory of Hilfer fractional Bessel operator . . . Panakhov E., Bas E., Ercan A. 297

Mathematical model for calculating the dynamic seal assembly and the problem of optimization
of its parameters . . . . . . . . . . . . . . . . . . . . . . . . Pashayev A.B., Sabziev E.N. 300

A formalized approach to verify GPGPU applications. Part 1 . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . Pogorilyy S.D., Kryvyi S.l., Slynko M.S. 303

Formalized approach to verify GPGPU applications. Part 2 . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . Pogorilyy S.D., Kryvyi S.l., Slynko M.S. 306

An approach to solution to class of coefficient-inverse nonlocal problems for a parabolic equation
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Rahimov A.B. 309

On stability of the gradient algorithm for one separable nonlinear discrete optimization problems
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Ramazanov A.B. 312

Control and optimization of fluid motion in microcrack channels by means of industrial
applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. Ramazanova E.E., Gurbanov R.S., Mammadova M.A., Malikov H.Kh., Hajiyev A.A. 315



11

On asymptotics of the solution of boundary value problem for quasi-linear elliptic equation in
curvilinear trapezoid . . . . . . . . . . . . . . . . . . . . . Sabzaliev M.M., Sabzalieva I.M. 318

A gradient in optimal control problem of processes described by first order system . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . Sadygov M.A., Mirzayeva H.G., Akhundov H.S. 321

Subdifferential of the second order and condition of the optimality . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Sadygov M.A. 324

Experiment of solar energy plants application in thermal effect process of the oil reservoir . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Salavatov T., Mammadov F. 327

The metallicity of atmosphere of the post AGB HD161796 (F3Ib) star . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Samedov Z.A. 330

An approach to improve remote photoplethysmography signal quality . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Samet R., Yaman A.U. 333

Real-time video synopsis for surveillance cameras. . . . . . . . Samet R., Baskurt K.B. 336

Modeling curves by a quadratic trigonometric B-spline with point shape control . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .Sarfraz M., Samreen S., Hussain M.Z. 340

On the inverse spectral problem for Sturm-Liouville operator having special singularity . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Sat M., Panakhov E.S., Kayalar M. 343

Impacts of the devaluation on Azerbaijan export . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . Sharifzadeh E.R., Aliyev R.M., Bayramov V.A., Huseynov J.P. 346

Optimization methods in the stability investigation of regulator systems . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Shatyrko A.V., Khusainov D.Ya. 349

Variation formulas for delay differential equations and necessary optimality conditions . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Shavadze T. 352

Fuzzy approach to determine the thickness of the oil slick on the water surface . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . Shikhlinskaya R.Y., Ahmadova R.Y., Mirzayev F.A. 355

Local meshless method for convection dominated steady and unsteady partial differential equa-
tions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Siraj I.U. 358

A new deep learning based system for facial gesture analysis . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . Soylu B.E., Guzel M.S., Askerzade I.N. 361

Optical solitons to the conformable time-fractional perturbed Radhakrishnan-Kundu-Lakshmanan
equation . . . . . . . . . . . . . . . . . . . . . Sulaiman A.T., Bulut H., Yel G., Atas S.S. 364

Sensitivity analysis of delay differential equations and optimization problems . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Tadumadze T. 367

On topologically uniformly transitive actions of locally compact unimodular amenable groups .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Tagi-Zadeh A.T. 370



12

The frequency high accuracy algorithm for the solution of continuous linear-quadratic optimal
synthesis problem by output variable . . . . . . . . . . . . . . . . . . . . . . . Velieva N.I. 373

The Goursat problem for the pseudoparabolic equation of the third order with singular coeffi-
cients . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Yagubov M.H., Yusubov Sh.Sh. 376

On the design of internal model generators for repetitive controllers. . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Yucesoy V., Ozbay H. 379
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Abstract. In this work the wave equation is analytically solved in the variational form and for
the gradient of the functional the analytical expression is found. Also solving the inverse problem
with respect to the potential the analytic expression for the optimal potential is obtained.
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1. Introduction

It is known that the motion of a particle in a central field is described by the equation [1-3, 6]

− a

r2
d

dr

(
r2
dR

dr

)
+
bR

r2
+ q(r)R = ER. (1)

Here a > 0 and b are given numbers and q(r) is the energy of interaction. Multiplying this
equation by the r2 and denoting

Q(r) = b+ q(r)r2,

we obtain

−a d
dr

(
r2
dR

dr

)
+Q(r)R = Er2R. (2)

The analytical solution of the equation (2) for different potentials is very interesting. But it
is not always possible to obtain the analytical solutions [7].

In addition, the solution of equation (2), finding of the potential Q(r) with respect to the
energy eigenvalues, i.e., solution of the inverse problem is also very interesting.

Assume that
R(r0) = z0, R(r1) = z1, R(r2) = z2, ..., R(rn) = zn, (3)

here
0 < r0 < r1 < ... < rn; n ≥ 2.

We consider the equation (2) on the interval [r1, rn]. In the work the primary aim is finding the
potential Q(r) in the interval [r1, rn]. We also need to show that the solution of the equation
(2) R(r)- function satisfies the equation (3).

We will assume that the solution of the equation (2) is R(r) and the condition
∞∫
0

R(r)dr < +∞

is satisfied. Then the solution of the iverse problem is finding the potential Q(r), which it is
necessary that by r ≥ 0, the function Q(r) would be continuously differentiable .
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Now we will find the minimum of the following functional

J(Q) =

n−1∑
i=1

[R(ri)− zi]
2 → min, (4)

from the equation (2) we obtain the following conditions:

R(r0) = z0, R(rn) = zn. (5)

We suppose that the function ψ = ψ(r) is solution of the following equation:

−a d
dr

(
r2
dψ

dr

)
+Q(r)ψ − Er2ψ = −2

n−1∑
i=1

[R(r)− zi]δ(r − ri), (6)

Theorem 1. Functional (3) is differentiable and its gradient [8] is given by the formula

J ′(Q) = ψR . (7)

Theorem 1 allows us to determine the optimal potential analytically.

Theorem 2. Let Q∗ = Q∗(r) be the optimal potential for the problem (2),(4), (5). Then for
any Q = Q(r) ⊂ U the relations

U = {Q = Q(r) ∈ L2(r0, rn) : Q0 ≤ Q(r) ≤ Q1, ∀r ∈ [r0, rn]} . (8)

are true. Here 0 ≤ Q0 < Q1 - are given numbers and R∗ = R∗(r), ψ∗ = ψ∗(r) solutions of a
problem (2), (5) at Q = Q(r).

ψ(r0) = 0, ψ(rn) = 0. (9)

2. An algorithm for solving the inverse problem

1. Consider the arbitrary initial potential Q0 ≤ Q(r) ∈ U .
2. Found the solution of the equations [4, 5] (2), (5) with the potential Q0(r), denote this
solution R0 = R0(r).
3. Substituting the solution R0 = R0(r) to the sweep problem (6),(9), solving this problem we
find the function ψ0 = ψ0(r).
4. Using the solutions R0 = R0(r) and ψ0 = ψ0(r), we found the gradient of the functional (4).
5. Minimize the linear functional

I0(Q) =

rn∫
r0

ψ0(r)R0(r)Q(r)dr → min (10)

in the set U and find the helper function Q̄0 = Q̄0(r). The new potential is constructed as
follows:

Q1(r) = αQ0(r) + (1− α)Q̄0(r), 0 ≤ α ≤ 1.

6. The accuracy criterion is checked. It may be either such

max
r0≤r≤rn

|Q1(r)−Q0(r)| < ε,

or such |J(Q1)− J(Q0)| < ε. In the 6th step the parameter α should be chosen thus that
the obtained new values of functional with corresponding α were smaller than previous one
J(Qk+1) ≤ J(Qk) or J(αQk + (1− α))Q̄k ≤ J(Q).
These conditions are called the monotoncity conditions. From the monotoncity conditions can
be seen that finding the parameter α from the condition

J(αQk + (1− α)Q̄k) → min, 0 ≤ α ≤ 1

is advantaged.
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However, finding α from these conditions creates additional difficulties. Therefore it is im-
portant to give another method, which is important from a practical point of view.

We assume α = 1
2 and check the monotoncity condition. If the monotoncity condition is

satisfied, then the corresponding α iteration is continued. Otherwise, assuming α = 1
4 ,

1
8 ... the

monotoncity condition is checked.
Another way to give iteration formula for each α. We can write such as

αk ≥ 0, αk → 0,

∞∑
k=1

αk = ∞.

For example we can take α as αk = 1
k+1 .

Now let’s pay attention to the algorithm’s doing different operations. As seen from second
and third processes in each iteration either basic (2), (5) problem or addition (6), (7) problems
must be solved. It is not always possible to do it on analytic form so it is convenient to do it by
the numerical method. If delta function has entered to the (6), (7) problems, it solution require
special approximation. However for solving problems (2), (5) and (6), (7) modern programs
such as MATLAB can be used.

From the algorithm can be seen that on each 5th step of iteration the linear functional is
minimized in the set U . The set U has a simple structure and it is solution doesn’t create the
difficulties. Therefore, the functional (10) is discredited and is operated within constraints to the
linear function of minimization, in other words is reduced to the linear programming problem.

3. Conclusion

Let Q∗ = Q∗(r) by the optimal potential for the problem (2), (3), (4). Then

Q∗(r) =

{
Q0, if ψ∗(r) > 0,
Q1, if ψ(r) < 0.

In the case ψ∗(r) = 0, the potential can be chosen arbitrarily.
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